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Self-trapped pulsed beams with finite power in pure cubic Kerr media excited by
time-diffracting, space-time beams
Miguel A. Porras
Grupo de Sistemas Complejos, ETSIME, Universidad Polite´cnica de Madrid, Rios Rosas 21, 28003 Madrid, Spain
We study the nonlinear propagation of diffraction-free, space-time wave packets, also called time-
diffracting beams because its spatiotemporal structure reproduces diffraction in time. We report
on the spontaneous formation of propagation-invariant, spatiotemporally compressed pulsed beams
carrying finite power from exciting time-diffracting Gaussian beams in media with cubic Kerr non-
linearity at powers below the critical power for collapse, and also with other collapse-arresting
nonlinearities above the critical power. Their attraction property makes the experimental observa-
tion of the self-trapped pulsed beams in cubic Kerr media feasible. The structure in the temporal
and transversal dimensions of the self-trapped wave packets is shown to be the same as the structure
in the axial and transversal dimensions of the self-focusing and (arrested) collapse of monochromatic
Gaussian beams.
I. INTRODUCTION
Many advances in linear optics open new lines of research
in nonlinear optics at high light intensities. This is what
happened with the discovery of Bessel and Airy beams
[1, 2], their generalizations to nonlinear media [3, 4] and
application in diverse areas such as in filamentation and
laser-powered material processing [5, 6]. In recent years,
there is a growing interest in the so-called space-time
beams (ST beams) [7–11], wave packets whose diffraction-
free behavior relies on suitably coupling the spatial and
temporal degrees of freedom rather than on shaping the
beam profile. The needed couplings between the spatial
and temporal frequencies for diffraction-free propagation
at arbitrary propagation velocity in free space and in lin-
ear dispersive media are known for some decades, mainly
in the context of the so-called localized waves or modes
[12–15], but recent advances in pulse and beam shap-
ing techniques have made possible their practical imple-
mentation using spatial light modulators and transpar-
ent transmissive phase plates [9–11]. On the theoreti-
cal side, the spatiotemporal shape of these pulsed beam
has been shown to reproduce the axial-transversal struc-
ture of monochromatic light that experiences diffraction
spreading, that is, diffraction appears to be swapped from
the longitudinal direction to time [16, 17], which is why
they are also called time-diffracting beams (TD beams).
This allows to use the vast knowledge about monochro-
matic light beams to write down simple analytical ex-
pressions of time-diffracting beams. The time-diffraction
property has been dramatically demonstrated with the
synthesis of non-accelerating space-time Airy beams that
accelerate instead in time [10]. Another remarkable prop-
erty is that time-diffracting beams can have arbitrary
transversal profiles, e. g., Gaussian profiles, and hence
they can carry finite power.
The latest experimental results in ST or TD beam gen-
eration using transparent phase plates [11], opens the
possibility to generate them at high-energy levels. It
is then of interest, both from fundamental and applica-
tive points of view, to investigate on the propagation of
TD beams in nonlinear media. The paraxial approxima-
tion used in [16, 17] is particularly suited to this purpose
since nonlinear propagation is modeled in the vast major-
ity of situations by nonlinear Schro¨dinger equations [18].
Our analysis reveals the existence of self-trapped prop-
agation of pulsed beams of finite power in pure (cubic)
Kerr media without the necessity of introducing any ad-
ditional linear or nonlinear stabilizing mechanisms such
as second or higher-order dispersion [19, 20], Kerr satu-
ration, higher-order self-defocusing nonlinearity or dissi-
pation [21–23]. The spontaneous reshaping of TD beams
into these self-trapped wave packets supports their ob-
servability in experiments with TD beams in Kerr me-
dia. The possibility of achieving stationary propagation
of strongly localized waves in the transversal direction,
a possibility discarded with monochromatic light in pure
Kerr media [22, 23], relies on coupling the temporal and
spatial degrees of freedom. This result is closely con-
nected with similar properties of nonlinear X waves [24–
26], since ST couplings are at work in the stationary
propagation in both cases. However, nonlinear X waves,
as polychromatic and nonlinear versions Bessel beams,
carry infinite power, by which they can hardly be qual-
ified as self-trapped pulsed beams. In media with more
general nonlinearities, e. g., cubic-quintic, TD beams
also reshape into self-trapped pulsed beams. We demon-
strate that the structure in the temporal and transver-
sal dimensions of these wave self-trapped wave packets
is a self-focusing or (arrested) collapse event occurring
in time, depending on the specific nonlinearities and the
input TD beam power.
II. TIME-DIFFRACTING GAUSSIAN BEAMS
IN KERR MEDIA
We consider the propagation in the nonlinear medium
as ruled by the nonlinear Shcro¨dinger equation
∂zA =
i
2k0
∆⊥A+
ik0n2
n0
|A|2A , (1)
2-10 0 200
1
2
/t0= (t'+ z)/t0
am
pl
itu
de
 / 
I 0
 
 
r = 0
z=0
z=10 zR
(b)
-5.0 -2.5 0.0 2.5 5.00
1
2(c)
 
 
am
pl
itu
de
 / 
I 0
x/w0
z=10 zR
z=0
 = t'+ z = 0
-5.0 -2.5 0.0 2.5 5.00
1
2
 
 
am
pl
itu
de
 / 
I 0
(f) t' = 0
z=5 zRz=10 zR
z=0
x/w0
0.0 2.5 5.0 7.5 10
0
2
4
(e)
peak fluence
z/zR
 
pe
ak
 in
te
ns
ity
 /I
0
0
1
2
3
 
-20 -10 0 100
1
2
3 HL
t'/t0
 
 
(g)
H(t')
H
am
ilt
on
ia
n 
/ I
0
FIG. 1. (a) Spatiotemporal distribution (y = 0 section) of amplitude of a superluminal (α > 0) TDGB of power P = 0.791Pc
at the entrance plane z = 0 of the nonlinear medium and as it propagates in medium. The amplitude is normalized to the
amplitude
√
I0 of the input TDGB. (b) On-axis amplitudes of the input TDGB (dashed curve) and of the propagation-invariant
pulsed beam (solid curve) in the pulse local time τ = t′ + αz. Gray dashed curves: On-axis amplitude for nonlinear focusing
in τ/α obtained as the solution of (6) with initial condition in (8) at τ/α = −20 with the same zR and power. (c) Transversal
amplitudes at τ = t′ + αz = 0 of the input TDGB (dashed curve) and of the propagation invariant pulsed beam (solid curve).
Gray dashed curves: Transversal amplitude at τ = 0 for nonlinear focusing in τ/α obtained as the solution of (6) with initial
condition in (8) at τ/α = −20 with the same zR and power. (d) Fluence of the input TDGB in free space (z < 0) and in
the nonlinear medium (z > 0). The fluence is normalized to the peak fluence of the input TDGB. (e) Peak fluence and peak
intensity at each propagation distance, normalized to their values for the input TDGB. (f) Diffracting transversal amplitude
of the luminal pulse at t′ = 0 at increasing propagation distances. (g) Instantaneous linear and nonlinear Hamiltonian of the
input TDGB. The instantaneous nonlinear Hamiltonian is conserved during propagation.
for the complex envelope A(x, y, t′, z) of the optical dis-
turbance E = Ae−i(ω0t−k0z) of carrier frequency ω0 and
propagation constant k0 = n0ω0/c. In the above rela-
tions, n0 and n2 > 0 are the linear and nonlinear re-
fractive indexes, ∆⊥ = ∂
2
x+∂
2
y is the transversal Laplace
operator, and t′ = t−k′0z, with k′0 = dk/dω|ω0 is the local
time. On using (1) we assume a paraxial regime of propa-
gation of long enough, quasi-monochromatic pulses such
that second and higher-order material dispersion plays no
significant role at the propagation distances z involved.
Hence, no derivatives with respect to t′ appear in the
NLSE (1) in this regime, but the envelope depends on
the four variables x, y, t′, z for a pulsed beam.
Equation (1) without the nonlinear term (at low
enough intensity) is satisfied by the TD Gaussian beam
(TDGB) [16]
A(r, t′, z) =
√
I0
−izR
(t′+αz)/α−izR exp
[
ik0r
2
2 [(t′+αz)/α−izR]
]
,
(2)
with α 6= 0 and r = (x2 + y2)1/2. Since a TDGB beam
depends on z only through the new local time
τ = t′ + αz = t− z/vg , (3)
it is a diffraction-free pulsed beam travelling undistorted
at the superluminal (α > 0) or subluminal (α < 0) group
velocity 1/vg = k
′
0 − α, of half duration t0 = zR|α|,
waist width w20 = 2zR/k0 at τ = 0, and peak inten-
sity I0. The TDGB can be obtained from the standard
(diffracting) monochromatic Gaussian beam (MGB) A =√
I0[−izR/(z − izR)] exp[ik0r2/2(z − izR)] of the same
waist width w0 at z = 0 and peak intensity I0 by simply
replacing z with τ/α [17]. Consequently, the temporal-
transversal structure of the TDGB is the same as the
axial-transversal structure of the MGB, i. e., diffrac-
tion in time, as illustrated in Fig. 1(a, top panel).
If α < 0 diffraction is in addition reversed in time.
The TDGB has Gaussian instantaneous transversal in-
tensity profiles at each time. The instantaneous power
P (t′) =
∫ |A|2dxdy = (piw20/2)I0 ≡ P is therefore finite
and is independent of time, in the same way as the power
of a MGB is independent of z, and this time-independent
power P is preserved on propagation along z. The time-
independent power reflects the weak localization of the
TDGB in time, which is the same as the axial localiza-
tion of a MGB that diffracts in z, and results in the
unbounded total energy E = ∫ P (t′)dt′ =∞. For further
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FIG. 2. (a) Peak intensity as function of propagation distance of input TDGBs of the indicated powers, normalized to each
input peak power I0. On-axis amplitudes of the input TDGB (dashed curve) and of the propagation-invariant pulsed beam
(solid curve) at z = 10zR in the pulse local time τ = t
′ + αz. Gray dashed curves: On-axis amplitude for nonlinear focusing in
τ/α obtained as the solution of (6) with initial condition in (8) at τ/α = −20 with the same zR and powers. (c) Transversal
amplitudes at τ = t′ + αz = 0 of the input TDGB (dashed curve) and of the propagation invariant pulsed beam at z = 10zR
(solid curve). Gray dashed curves: Transversal amplitude at τ = 0 for nonlinear focusing in τ/α obtained as the solution of
(6) with initial condition in (8) at τ/α = −20 with the same zR and powers.
considerations, we consider also the linear Hamiltonian
[23] HL(t
′) =
∫ |∇A|2dxdy = piI0 ≡ HL that is also
time-independent for TDGBs, as the z-independent lin-
ear Hamiltonian of a monochromatic Gaussian, and the
time-independent linear Hamiltonian HL is preserved in
linear propagation.
As is well-known, a MGB propagating in the nonlinear
Kerr medium will collapse or not if its power is greater or
smaller than the critical power Pc = 5.9571n0/k
2
0n2 [27].
With monochromatic light, a propagation-invariant, self-
trapped light beam has never seen to be formed because
all monochromatic spatial “solitons” in cubic Kerr media
[stationary solutions of (1)], including the fundamental
soliton or Townes beam, high order spatial solitons, and
vortex solitons, are all unstable [21–23].
Within the precision of our numerical 3D+1 simu-
lations of the NLSE (1), a TDGB introduced in the
Kerr medium, e. g., A(r, t′, 0) =
√
I0[−izR/(t′/α −
izR)] exp[ik0r
2/2(t′/α−izR)] at the entrance plane z = 0
of the medium, collapses, i. e., is seen to develop a sin-
gularity at a finite propagation distance, if its power is
above Pc. With powers below Pc, and contrary to what
happens with monochromatic light, the TDGB under-
goes a transformation towards a propagation-invariant,
spatiotemporally compressed and more intense pulsed
beam that maintains the super or subluminal velocity
of the input TDGB, as the pulsed beam centered at
t′ + αz = 0 in Fig. 1(a) for an input superluminal
TDGB (α > 0) with P = 0.791Pc. Figs. 1(b) and (c)
represent, respectively, the compressed on-axis (r = 0)
temporal amplitude and the transversal amplitude at the
time of arrival t′ + αz = 0 at a propagation distance z
at which the stationary pulsed beam is already formed
(solid curves), compared to the same profiles for the input
TDGB (dashed curves). In Fig. 1(d), the fluence of the
TDGB, or time integrated intensity F =
∫ |A|2dt′, form-
ing at z < 0 what is called a “needle of light” [17, 28],
is seen to self-focus in the medium at z > 0 and to form
a narrower and more intense needle of light. The peak
fluence and intensity reach z-independent values higher
than those of the input TDGB, as in Fig. 1(e).
A finite amount of the infinite energy of the input
TDGB is not coupled to the new stationary state, but
forms a luminal (vg = 1/k
′
0) diffracting pulse, [Fig. 1(a)
at times about t′ = 0 and Fig. 1(b) at t′+αz = αz] that
separates from the propagation-invariant super or sublu-
minal pulse as they propagate. The spatiotemporal shape
of the luminal pulse is that of a pulsed Gaussian beam
whose transversal amplitude profile broadens on propa-
gation [Fig. 1(f)]. Then, a truly stationary state is only
formed at sufficiently negative times t′ (for superlumi-
nal velocity) or at sufficiently positive t′ (for subluminal
velocity).
To understand the nature of these waves we consider
again the instantaneous power P (t′) =
∫ |A|2dxdy, and
the instantaneous (nonlinear) Hamiltonian [23]
H(t′) =
∫
|∇A|2dxdy − k
2
0n2
n0
∫
|A|4dxdy , (4)
which are conserved during propagation at any particu-
lar instant of time t′, since t′ only appears parametri-
cally in the NLSE (1), and can therefore be calculated
with the input TDGB at z = 0. Since the input TDGB
has time-independent power P (t′) = (piw20/2)I0 ≡ P ,
the same is true for the propagated pulse, including the
negative or positive times with the super or subluminal
diffraction-free pulse and the times about zero with the
luminal pulsed Gaussian beam. The conserved instanta-
neous Hamiltonian, calculated from (4) with the input
TDGB, is given by
H(t′) = HL
[
1− 0.948 P
Pc
1
1 + (t′/t0)2
]
, (5)
and is represented in Fig. 1(f) for P = 0.791Pc.
Thus, the luminal pulsed Gaussian beam diffracts be-
cause the Hamiltonian about t′ = 0 is sufficiently posi-
tive (its power is below Pc), and the super or sublumi-
nal propagation-invariant pulse must be characterized by
4a time-independent power P equal to that of the input
TDGB, and a time-independent nonlinear Hamiltonian
equal the linear Hamiltonian HL of the input TDGB.
III. SELF-TRAPPED PULSED BEAMS THAT
SELF-FOCUS AND COLLAPSE IN TIME
The above analysis suggests to search for stationary
solutions of the NLSE (1) of the form A = A(x, y, t′ +
αz) = Aα(x, y, τ), travelling undistorted at the group
velocity 1/vg = k
′
0 − α. With this ansatz, the NLSE (1)
yields
∂τAα =
i
2k0α
∆⊥Aα +
ik0n2
n0α
|Aα|2Aα , (6)
which is formally the same as (1) with z replaced with the
length τ/α proportional to time, and for a complex enve-
lope that depends on the three variables x, y, τ instead of
the four variables x, y, t′, z. Equation (6) then describes
the same dynamics as that of a strictly monochromatic
light beam along z under the action of diffraction and
self-focusing, but this dynamics is displayed in τ/α, and
represents the spatiotemporal shape of a propagation-
invariant pulsed beam. The power P =
∫ |Aα|2dxdy and
the Hamiltonian,
H =
∫
|∇Aα|2dxdy − k
2
0n2
n0
∫
|Aα|4dxdy , (7)
of the solutions of (6) are, as desired, independent of
τ , in the same way as for monochromatic light they are
independent of z. Separable solutions of (6) in r and
τ are readily seen to be (using separation of variables)
necessarily of the form Aα = e
iΩτg(r), with Ω a small
frequency shift and g(r) the fundamental Townes, high-
order, or vortex “solitons”. The propagation-invariant
pulsed beam in Fig. 1 is, however, obviously nonsepara-
ble in r and τ . These nonseparable solutions have not
been investigated with this meaning, i. e., as describing
the spatiotemporal shape propagation-invariant pulses.
We consider the solution to (6) that behaves asymptot-
ically at τ/α → −∞ (τ → −∞ for α > 0 and τ → +∞
for α < 0), times at which the intensity is sufficiently
low, as
Aα(r, τ)
τ/α→−∞−→
√
I0
−izR
τ/α− izR exp
[
ik0r
2
2 [τ/α− izR]
]
,
(8)
i. e., as the input TDGB with the same zR, α and I0 at
these long times. Since the power is constant in time, it
is thus fixed to the power P of the input TDGB. Also,
since the nonlinear term of the Hamiltonian in (7) is neg-
ligible at τ/α→ −∞, the Hamiltonian is H τ/α→−∞−→ HL
asymptotically, and being constant in time, the Hamilto-
nian is H = HL at any time. In the length τ/α, this
solution represent the focusing of a sufficiently broad
and converging MGB to a linear focus at τ/α = 0 of
half-depth zR, assisted by self-focusing. If P > Pc, as
is well-known, the solution collapses, but if P < Pc, it
does not. In the example with α > 0 and P = 0.791Pc,
the gray dashed curves in Figs. 1 (b) and (c) repre-
sent the on-axis amplitude and the transversal ampli-
tude at τ = 0 obtained by solving numerically (6) tak-
ing as the initial condition the right hand side of (8) at
τ/α = −τin/α = −20 ≪ 0, so that the pulse focuses
linearly at these initial times. The complete solution,
except at the times where the luminal diffracting pulse
is located, matches accurately with the spatiotemporal
shape of the propagation-invariant superluminal pulsed
beam excited by the input TDGB. The spatiotemporal
structure of the propagation-invariant pulsed beam can
then be said to be that of self-focusing in time.
We confirm this result in Fig. 2 for input TDGBs with
different subcritical powers. In all cases the peak inten-
sity and the fluence stabilize with propagation distance at
constant values [Figs. 2 (a) and (b)]. The propagation-
invariant on-axis amplitude and the transversal profile at
the pulse center, τ = 0 at these distances are depicted
in Figs. 2(c) and (d) as solid black curves. They are in-
distinguishable at the scale of the figures, except for the
uncoupled diffracting pulsed Gaussian beam at τ = αz,
from the dashed gray curves, obtained by solving (6) with
the initial condition (8) at sufficiently negative τ/α with
same zR, α and respective powers.
We have restricted ourselves to the cubic Kerr nonlin-
earity, and to subcritical powers to avoid the formation of
a singularity, because self-trapped propagation at finite
power has not previously been reported with this non-
linearity, to the author knowledge. However the same
result holds with other nonlinearities, and in particular
with nonlinearities that arrest the collapse induced by the
cubic nonlinearity at supercritical powers. For example,
Fig. 3(a) displays the spatiotemporal amplitude distribu-
tion at sufficiently long distance (lower panels) obtained
by solving the NLSE (1) with the additional quintic term
(ik0n4/n0)|A|4A, with n4 < 0. The initial conditions at
z = are superluminal (α > 0) and subluminal (α < 0)
TDGBs (top panel) of power P = 1.5Pc, and the strength
of the quintic term is determined by |n4I20/n2I0| = 0.2.
The on-axis amplitudes at long distances as functions of
time are represented in Fig. 3(b) and (c) as solid black
curves. Clearly, the only difference between the final sta-
tionary states with input superluminal and subluminal
TDGBs is a time reversal. The peak intensity and flu-
ence are seen in Fig. 3(d) to remain constant at these
distances. The energy that is not coupled to the super-
luminal or subluminal pulsed beam forms now a (slightly
vibrating) luminal spatial soliton (as supported by the
cubic-quintic model [23]), whose transversal amplitude
profile is displayed in Fig. 3(e). The dashed gray curves
in Figs. 3(b) and (c) represent the on-axis amplitude
obtained by solving numerically (6) with the additional
term (ik0n4/n0α)|A|4A, using as initial conditions the
right hand side of (8) at τ/α = −τin/α = −20 ≪ 0
(large negative or positive times for super or sublumi-
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FIG. 3. (a) For input super and subluminal TDGBs of power P = 1.5Pc in a medium with self-focusing cubic and self-defocusing
quintic nonlinearities (n = n0 + n2I + n4I
2) such that |n4I20/n2I0| = 0.2, spatiotemporal distribution of amplitude (y = 0
section) at z = 0 and at sufficiently long distance (z = 10zR). (b) and (c) On-axis amplitude of the input TDGB (dashed
curves) and of the propagation-invariant pulsed beam (solid curves) as functions of the local time τ in the respective cases of
super and subluminal input TDGB. Gray dashed curves: On-axis amplitude for nonlinear focusing along the length τ/α of the
initial condition in (8) at τ/α = −20 with the same zR and power in the same cubic-quintic medium. (d) Peak fluence and
peak intensity at each propagation distance, normalized to their values for the input TDGB. (e) Transversal amplitude profile
of the luminal spatial soliton formed about t′ = 0.
nal input TDGB). The spatiotemporal structure of the
self-trapped superluminal pulsed beam is then described
by collapse arrested by the self-defocusing quintic nonlin-
earity displayed in time, and temporally reversed in the
subluminal case.
IV. CONCLUSION
In conclusion, we have shown that it is possible to
observe self-trapped pulsed beam propagation in cubic
Kerr media at finite power below the critical power for
collapse, and also above the critical power in non-Kerr
media. These pulsed beams are excited by TD beams,
which can be generated using recent techniques for beam
and pulse shaping to realize the required spatiotemporal
correlations [9–11], or, as proposed in [17], in group mis-
matched second-harmonic generation. We have limited
the analysis to input TDGB for conciseness, but similar
results are expected to hold with other TD beams, since
any monochromatic light beam has a TD counterpart and
the self-focusing mechanism is the same. For example, at
sufficiently higher powers (P ≃ 10Pc or higher) and with
super-Gaussian TD beams, one would expect to observe
a propagation-invariant pulsed beam with the temporal
shape of a self-focusing ring that breaks into multiple
temporal filaments, as described in standard self-focusing
theory [29]. The existence of these waves opens up new
possibilities in nonlinear optics applications such as fila-
mentation and material processing, particularly in rela-
tion to their strong transversal localization and not re-
quiring materials with tailored nonlinearities to support
the self-trapped propagation.
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